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We establish the inequality
1rp 1rq1 1a ap q
r x f x dx r x f x dxŽ . Ž . Ž . Ž .H Hž / ž /R a R aŽ . Ž .0 0
1rpnq1a
F ,
a y n a y 1Ž .
Ž Ž . Ž . 2Ž . Ž .. Ž .where a s CK, n s prq, q y 1 q u9 x R x ru x r x G qrK and R x s
x Ž . Ž .H r t u t dt, which is sharper than that obtained by B. Mond, J. Pecaric, and I.0
Ž Ž . .Peric J. Math. Anal. Appl. 203 1996 , 381]387 . Q 1999 Academic Press
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1. INTRODUCTION
w xIn 6 , Nania proved
THEOREM A. Let C ) 1 and q ) 1 be real numbers. If f is a positi¤e
Ž xdecreasing function on 0, a satisfying
1 1t tq qy1f x dx F Cf t f x dx for all t g 0, a ,Ž . Ž . Ž . ŽH Ht t0 0
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0022-247Xr99 $30.00
Copyright Q 1999 by Academic Press
All rights of reproduction in any form reserved.
YANG AND HWANG194
w . pŽ .then we ha¤e for all p g q, q q « that f g L 0, a and
1rp 1rq
a a1 1p q
R f s f x dx f x dxŽ . Ž . Ž .H Hp , q ž / ž /a a0 0
1rpnq1a
F , where 1.1Ž .
a y n a y 1Ž .
a s Cqr q y 1 , n s prq, and « s qr a y 1 . 1.2Ž . Ž . Ž .
w xAn impro¤ement of this result was gi¤en by Alzer 1 , as follows:
THEOREM B. Let C ) 1 and q ) 1 be real numbers. If f is a positi¤e
Ž xdecreasing function on 0, a satisfying
1 1t tq qy1f x dx F Cf t f x dx , for all t g 0, a ,Ž . Ž . Ž . ŽH Ht t0 0
w . pŽ .then we ha¤e for all p g q, q q d that f g L 0, a and
1rpnq1b
R f F , where 1.3Ž . Ž .p , q b y n b y 1Ž .
1rqqy1Cq 1 q y 1
b s 1 y ž / 1.4Ž .q y 1 C q
g 1, a , n s prq, d s qr b y 1 ) « .Ž . Ž . Ž .Ž .
w xRecently, Mond et al. 4 gave the following two reverse mean inequali-
ties which are corresponding results with weaker conditions for the func-
tion f given by Nania and Alzer.
THEOREM C. Let C ) 1 and q ) 1 be real numbers. If f is a positi¤e
Ž xfunction on 0, a satisfying
1 1t tq q qy1f t F f x dx F Cf t f x dx for all t g 0, a ,Ž . Ž . Ž . Ž . ŽH Ht t0 0
1.5Ž .
w . pŽ . Ž .then we ha¤e, for all p g q, q q « , that f g L 0, a and inequality 1.1
Ž .holds, where a , n, and « are defined by 1.2 .
THEOREM D. Let C ) 1 and q ) 1 be real numbers. If f is a positi¤e
Ž x Ž .function on 0, a satisfying 1.5 and
q1 1t tq
f x dx F C f x dx for all t g 0, a ,Ž . Ž . ŽH Ht t0 0
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w . pŽ . Ž .then we ha¤e, for all p g q, q q d that f g L 0, a and the inequality 1.3
Ž .holds, where b , n, and d are gi¤en in 1.4 .
In the present paper we shall establish two generalizations of Theorem C and
Theorem D.
2. PRELIMINARY LEMMAS
w xThe following lemma is a generalization of Hardy's inequality 3, p. 143 ,
w xwhich in fact is a generalization of an inequality given by Levinson in 2 .
Ž . Ž .LEMMA 1. Let r x be a positi¤e function, u x a positi¤e and absolutely
Ž x Ž . Ž .qcontinuous function, and f a nonnegati¤e function on 0, a with r x f x g
1Ž . Ž xL 0, a . If q ) 1 and there exists K ) 0 such that for almost all x g 0, a
u9 x R x qŽ . Ž .
q y 1 q G , 2.1Ž .2 Ku x r xŽ . Ž .
then
q
a aG xŽ . qqr x dx F K r x f x dx , 2.2Ž . Ž . Ž . Ž .H Hž /R xŽ .0 0
Ž . x Ž . Ž . Ž . x Ž . Ž . Ž .where R x s H r t u t dt and G x s H r t u t f t dt.0 0
Ž . x Ž . Ž . Ž .Proof. For 0 - b - a, let G x s H r t u t f t dt.b b
Integrating by parts gives
a yq q
r x R x G x dxŽ . Ž . Ž .H b
b
q
a G xŽ .byqs r x u x R x dxŽ . Ž . Ž .H ž /u xŽ .b
aq
1 G xŽ .b yqq1s R xŽ .yq q 1 u xŽ . b
aq yqq1 qy1q r x f x R x G x dxŽ . Ž . Ž . Ž .H bq y 1 b
qyqq1
a1 u9 x R x G xŽ . Ž . Ž .by dx.H 2q y 1 b u xŽ .
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Discarding a negative term on the right and subtracting through,
a R x u9 xŽ . Ž .yq q
r x R x G x q y 1 q dxŽ . Ž . Ž .H b 2
b r x u xŽ . Ž .
a yqq1 qy1F q r x R x G x f x dx.Ž . Ž . Ž . Ž .H b
b
Ž . Ž .Using 2.1 and the Holder inequality with indices q and qr q y 1 , we
have
a yq q
r x R x G x dxŽ . Ž . Ž .H b
b
a yqq1 qy1F K r x R x G x f x dxŽ . Ž . Ž . Ž .H b
b
a Ž . yqq1 qy1 1rqqy1 rqs K r x R x G x r x f x dxŽ . Ž . Ž . Ž . Ž .H b
b
Ž . 1rqqy1 rqa ayq q qF K r x R x G x dx r x f x dx ,Ž . Ž . Ž . Ž . Ž .H Hbž / ž /b b
so that
a ayq q qqr x R x G x dx F K r x f x dxŽ . Ž . Ž . Ž . Ž .H Hb
b b
a qqF K r x f x dx.Ž . Ž .H
0
Let 0 - b - c - a. Then
a qyq q qqr x R x G x dx F K r x f x dx.Ž . Ž . Ž . Ž . Ž .H Hb
c 0
Let b “ 0. Then
a ayq q qqr x R x G x dx F K r x f x dxŽ . Ž . Ž . Ž . Ž .H H
c 0
Ž .Since this holds for arbitrary c, 0 - c - a, the desired inequality 2.2
follows immediately. The proof of Lemma 1 is complete.
The following lemma is a generalization of an inequality given by D. T.
w xShum in 7 .
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Ž .LEMMA 2. Let r x be a positi¤e continuous function and f a nonnegati¤e
Ž x Ž . Ž .q 1Ž .function on 0, a with r x f x g L 0, a . If q ) 1, then
a qyq q q1yqr x W x F x dx q W a F aŽ . Ž . Ž . Ž . Ž .H q y 10
q
aq qF r x f x dx , 2.3Ž . Ž . Ž .Hž /q y 1 0
Ž . x Ž . Ž . x Ž . Ž .where W x s H r t dt and F t s H r t f t dt.0 0
Proof. We have
qqy1q y 1 q y 1
qt y qt G 1 y q 2.4Ž . Ž .ž / ž /q q
for all t G 0.
Ž .Ž Ž . Ž .. Ž .By taking t s f x W x rF x in 2.4 , and then multiplying by
Ž .Ž Ž . Ž ..qr x F x rW x , we have
qqq y 1 F xŽ .q
r x f x q q y 1 r xŽ . Ž . Ž . Ž .ž / ž /q W xŽ .
qy1qy1q y 1 F xŽ .
G qr x f x .Ž . Ž .ž / ž /q W xŽ .
Let 0 - b - a. Then
qq
a q y 1 F xŽ .q
r x f x q q y 1 r x dxŽ . Ž . Ž . Ž .H ž / ž /q W xŽ .b
qy1qy1
aq y 1 F xŽ .
G q r x f x dxŽ . Ž .Hž / ž /q W xŽ .b
q qqy1
aq y 1 d F x q y 1 F x r xŽ . Ž . Ž . Ž .
s q dx ;H qqy1ž / ž /q dx W xŽ .b W xŽ .
thus,
q
a q y 1q q yq
r x f x y r x F x W x dxŽ . Ž . Ž . Ž . Ž .H ž /qb
qy1q y 1 q1yq 1yq bG W a F a y W b G b . 2.5Ž . Ž . Ž . Ž . Ž .Ž .ž /q
Ž . b Ž . Ž . b Ž .Žqy1.r q Ž .1r q Ž .Since F b s H r t f t dt s H r t r t f t dt.0 0
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By using the Holder inequality, we have
qy1
b b bq q qqy1F b F r t dt r t f t dt s W b r t f t dt.Ž . Ž . Ž . Ž . Ž . Ž . Ž .H H Hž / ž /0 0 0
Hence,
q1yq qW b F b s o 1 as b “ 0 . 2.6Ž . Ž . Ž . Ž .
q Ž . Ž .Now by taking b “ 0 , and using 2.6 in 2.5 , we have
q
a aq y 1q q yq
r x f x dx y r x F x W x dxŽ . Ž . Ž . Ž . Ž .H Hž /q0 0
qy1q y 1 q1yqG W a F a . 2.7Ž . Ž . Ž .ž /q
Ž . w Ž .xq Ž .By multiplying both sides of 2.7 by qr q y 1 ) 0 we get 2.3 .
This completes the proof of Lemma 2.
The following is a result corresponding to a lemma given by Mucken-
w xhoupt in 5 with a weaker condition for the function f :
Ž . Ž . Ž xLEMMA 3. Let r x and u x be positi¤e continuous functions on 0, a
Ž . Ž . x Ž . Ž . Ž xwith u x F 1 and R x s H r t u t dt. Let f be a positi¤e function on 0, a0
Ž . Ž . 1Ž .and r t f t g L 0, a . If there exists a constant A ) 1 such that
u tŽ . t
f t F r x f x dx F Af t for all t g 0, a 2.8Ž . Ž . Ž . Ž . Ž . Ž .HR tŽ . 0
Ž . nŽ . 1Ž .then, r x f x g L 0, a and
n
a a1 A 1
nr x f x dx F r x f x dx ,Ž . Ž . Ž . Ž .H Hž /R a A y n A y 1 R aŽ . Ž . Ž .0 0
2.9Ž .
w Ž ..for all n g 1, Ar A y 1 .
Ž . Ž .Proof. By the second inequality in 2.8 and 0 - r x , we observe
r t f t r t u tŽ . Ž . Ž . Ž .
G for all t g 0, a . 2.10Ž . Ž .t AR tH r x f x dx Ž .Ž . Ž .0
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Ž .Let y satisfy 0 - y - a. Integrating 2.10 from y to a gives
a y 1
log r x f x dx r x f x dx G log R a rR y .Ž . Ž . Ž . Ž . Ž . Ž .Ž .H H ž /A0 0
It follows that
y a1rAr x f x dx F R y rR a r x f x dx.Ž . Ž . Ž . Ž . Ž . Ž .Ž .H H
0 0
Ž .By the first inequality in 2.8 , we have, for 0 - y - a,
1rA
y au y u y R yŽ . Ž . Ž .
f y F r x f x dx F r x f x dx.Ž . Ž . Ž . Ž . Ž .H Hž /R y R y R aŽ . Ž . Ž .0 0
2.11Ž .
Ž . Ž .By 2.11 and 0 - u x F 1, we have
n nrA n
au y R yŽ . Ž .n
f y F r x f x dxŽ . Ž . Ž .Hn ž /ž /R aŽ .R yŽ . 0
nrA n
au y R yŽ . Ž .
F r x f x dxŽ . Ž .Hn ž /ž /R aŽ .R yŽ . 0
w Ž ..for all n g 1, Ar A y 1 .
Thus,
n
a aAn 1ynr y f y dy F R a r x f x dx ,Ž . Ž . Ž . Ž . Ž .H Hž /A y n A y 1Ž .0 0
w Ž ..for all n g 1, Ar A y 1 .
This completes the proof of Lemma 3.
3. RESULTS
Here functions are assumed to be measurable and left sides of inequali-
ties exist when right sides do.
Ž .THEOREM 1. Let C ) 1 and q ) 1, let r x be a positi¤e continuous
Ž .function, let u x be a positi¤e, nondecreasing, and absolutely continuous
Ž . Ž xfunction with u x F 1, and let f be a positi¤e function on 0, a . If there exists
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K G 1 such that
u9 x R x qŽ . Ž .
q y 1 q G for all x g 0, a ,Ž2 Ku x r xŽ . Ž .
u tŽ . tq q
f t F r x u x f x dx for all t g 0, a and 3.1Ž . Ž . Ž . Ž . Ž Ž .HR tŽ . 0
1 t q
r x f x dxŽ . Ž .HR tŽ . 0
1 tqy1F Cf t r x u x f x dx for all t g 0, a , 3.19Ž . Ž . Ž . Ž . Ž Ž .HR tŽ . 0
Ž . x Ž . Ž . w .where R x s H r t u t dt, then we ha¤e for all p g q, q q « that0
Ž . Ž . p 1Ž .r x f x g L 0, a and
1rp 1rq
a a1 1p q
r x f x dx r x f x dxŽ . Ž . Ž . Ž .H Hž / ž /R a R aŽ . Ž .0 0
1rpnq1a
F , 3.2Ž .ž /a y n a y 1Ž .
Ž .where a s CK, n s prq, « s qr a y 1 .
Ž .Proof. Integrating the inequality in 3.19 and applying Holder's in-
Ž xequality and Lemma 1, we obtain, for all s g 0, a ,
q
s r tŽ . t q
r x f x dx dtŽ . Ž .H Hž /R tŽ .0 0
q
s 1 tqy1qF C r t f t r x u x f x dx dtŽ . Ž . Ž . Ž . Ž .H Hž /R tŽ .0 0
qqy1s s 1 tqqF C r t f t dt r t r x u x f x dx dtŽ . Ž . Ž . Ž . Ž . Ž .H H Hž / ž /R tŽ .0 0 0
qy1s sq qq qF C r t f t dt K r t f t dt. 3.3Ž . Ž . Ž . Ž . Ž .H Hž /0 0
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Ž . Ž . t Ž . Ž .q Ž .Let F t s 1rR t H r x f x dx. Then 3.3 can be written as0
q
s1 q
r t F t dt F CKF s .Ž . Ž . Ž .Ž .Hž /R sŽ . 0
Ž . Ž .Since 0 - u x F 1 and u x is nondecreasing, it follows that
su sŽ .
r t F t dtŽ . Ž .HR sŽ . 0
s1
F r t F t dt F aF s , for all s g 0, a , 3.4Ž . Ž . Ž . Ž Ž .HR sŽ . 0
s s1 u sŽ .
r t u t F t dt F r t F t dt , for all s g 0, a ,Ž . Ž . Ž . Ž . Ž . ŽH HR s R sŽ . Ž .0 0
3.49Ž .
and
s1 u t 1Ž . t q
r t r x u x f x dx F r t u t F t dt .Ž . Ž . Ž . Ž . Ž . Ž . Ž .H HR s R t R sŽ . Ž . Ž .0 0
3.40Ž .
Ž . Ž . Ž . Ž .Now, it follows from 3.1 , 3.40 , 3.49 , and 3.4 , that
su sŽ .
F s F r t F t dt F aF s , for all s g 0, a .Ž . Ž . Ž . Ž . ŽHR sŽ . 0
Therefore, we can apply Lemma 3 with F and a instead of f and A. From
Ž . w Ž ..2.9 , we get, for all n g 1, ar a y 1 ,
n
a a1 a 1n
r t F t dt F r t F t dt , 3.5Ž . Ž . Ž . Ž . Ž .H Hž /R a a y n a y 1 R aŽ . Ž . Ž .0 0
Ž . Ž .while from the inequality 3.1 and 0 - u t F 1, we have
n
u tŽ . tqn q
f t F r x u t f x dxŽ . Ž . Ž . Ž .Hž /R tŽ . 0
n1 t q nF r x f x dx s F t .Ž . Ž . Ž .Hž /R tŽ . 0
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Ž . Ž .It follows from 3.5 and 3.4 that
a a1 1qn n
r t f t dt F r t F t dtŽ . Ž . Ž . Ž .H HR a R aŽ . Ž .0 0
n
aa 1
F r t F t dtŽ . Ž .Hž /a y n a y 1 R aŽ . Ž . 0
nnq1 aa 1 qF r t f t dt .Ž . Ž .Hž /a y n a y 1 R aŽ . Ž . 0
This completes the proof of Theorem 1.
Ž . Ž .Remark 1. Theorem 1 reduces to Theorem C when r x s 1, u x s 1
Ž x Ž .for all x g 0, a and K s qr q y 1 .
Ž . Ž .THEOREM 2. Let C, q, and r x be as in Theorem 1 and W x s
x Ž . Ž xH r t dt. If f is a positi¤e continuous function on 0, a satisfying, for all0
Ž xt g 0, a ,
1 1t tq q qy1f t F r x f x dx F Cf t r x f x dx andŽ . Ž . Ž . Ž . Ž . Ž .H HW t W tŽ . Ž .0 0
3.6Ž .
q1 1t tq
r x f x dx F C r x f x dx , 3.7Ž . Ž . Ž . Ž . Ž .H HW t W tŽ . Ž .0 0
w . Ž . Ž . p 1Ž .then we ha¤e, for all p g q, q q d , that r x f x g L 0, a and
1rp 1rq
a a1 1p q
r x f x dx r x f x dxŽ . Ž . Ž . Ž .H Hž / ž /W a W aŽ . Ž .0 0
1rpnq1b
F , 3.8Ž .
b y n b y 1Ž .
Ž .where b , n, and d are gi¤en in 1.7 .
Ž .Proof. Integrating the second inequality in 3.6 and applying Holdger's
Ž xinequality and Lemma 2, we obtain, for all s g 0, a ,
q
s r tŽ . t q
r x f x dx dtŽ . Ž .H Hž /W tŽ .0 0
q
s 1 tqy1qF C r t f t r x f x dx dtŽ . Ž . Ž . Ž .H Hž /W tŽ .0 0
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qqy1s s 1 tqqF C r t f t dt r t r x f x dx dtŽ . Ž . Ž . Ž . Ž .H H Hž / ž /W tŽ .0 0 0
qqy1s sqq qqF C r t f t dt r t f t dtŽ . Ž . Ž . Ž .H Hž / ž /q y 10 0
q
sq 1yqy W s r t f t dt . 3.9Ž . Ž . Ž . Ž .Hž /q y 1 0
Let
1 t q
F t s r x f x dx.Ž . Ž . Ž .HW tŽ . 0
Ž .Then 3.9 can be written as
q
s1
r t F t dtŽ . Ž .Hž /W sŽ . 0
qq q sCq C q 1q qy1F F s y F s r t f t dtŽ . Ž . Ž . Ž .Hž / ž /q y 1 q y 1 W sŽ . 0
q qy1Cq q y 1
s F s 1 yŽ .ž / ž /q y 1 q
q
s s1 1 q
= r t f t dt r t f t dt . 3.10Ž . Ž . Ž . Ž . Ž .H Hž / ž /W s W sŽ . Ž .0 0
Ž . Ž .Using 3.7 in 3.10 , we have
qq qy1
s1 Cq 1 q y 1
r t F t dt F F s 1 y ,Ž . Ž . Ž .H ž / ž /W s q y 1 C qŽ . 0
Ž .and, by the first inequality in 3.6 , we get
s1
F s F r t F t dt F bF s ,Ž . Ž . Ž . Ž .HW sŽ . 0
where
1rqqy1Cq 1 q y 1
b s 1 y .ž /q y 1 C q
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Ž . Ž xTherefore, we can apply Lemma 3 when u x s 1 for all x g 0, a and the
Ž .rest of the proof is similar to the proof of Theorem 1 but with W x , b ,
Ž .and d instead of R x , a and « , respectively.
Ž .Remark 2. Theorem 2 reduces to Theorem D when r x s 1 for all
Ž xx g 0, a .
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